Ultralight scalar dark matter has been proposed to constitute a component of dark matter, though the minimal scenarios have increasingly become constrained. In this work, we analyze scenarios where the dark matter consists of more than one ultralight boson, each with different masses. This potentially leads to formation of gravitationally-bound Bose-Einstein condensates with structures that are very different from condensates composed of a single scalar field. By generalizing from the well-understood single-flavor case, we explore a large range of input parameters, subject to stability criteria, and determine the allowed parameter space for two-flavor condensates as a function of particle physics parameters, paying particular attention to cases where such condensates could compose galactic cores. We also analyze single-flavor condensates subject to external gravity from massive inner bodies and find that such systems may mimic the size of galactic cores as well.
Introduction
Ultralight axions (ULAs) are sub-eV, scalar particles that arise in string compactification [1] and clockwork theories [2] . These particles could form gravitationally-bound Bose-Einstein condensates (BECs), called axion stars [3] [4] [5] ; in models of ultralight dark matter (ULDM) [6] [7] [8] [9] [10] [11] , these BECs can have astrophysical sizes, as extremely small particle masses of m ∼ 10 −22 eV imply very large Compton wavelengths 1/m ∼ pc. Simulations [12] [13] [14] [15] [16] suggest that these cored, high-density structures may dominate the mass in the cores of galaxies. For related reasons, ULDM condensates have been proposed to solve the small-scale structure problems of noninteracting cold dark matter (CDM) models [17, 18] . However, the minimal ULDM model with m ∼ 10 −22 eV has come under increased scrutiny. At present, there are constraints from the observed Lyman-α forest [19, 20] , from stellar streams and lensed quasars [21, 22] , as well as kinematic data in low surface-brightness galaxies [23] [24] [25] (among others which are more tentative). It is interesting to ask how the model can be extended to preserve the promising features while avoiding the constraints.
In a recent paper, multi-component condensates composed of two flavors of axions with different masses and no self-interactions were proposed as models of the cores of a few specific astrophysical systems [26] . This is in part motivated by existing constraints on single-flavor ULDM, but also by the observation that many theories which gives rise to ULAs typically do not produce a single scalar particle, but rather hundreds of them [1, 2] . As a result, there is little reason to believe that only a single flavor of ULA would be produced in the early universe; more than one scalar may contribute to the total dark matter (DM) relic abundance. Other authors have also begun to investigate the phenomenology of models with more than one axion-like scalar [27] [28] [29] [30] .
Here, we analyze two-component condensates as a generalization of the usual one-flavor axion star 1 arXiv:2002.03022v1 [hep-ph] 7 Feb 2020 as a model for galactic cores. These systems are similar to those considered in [26] , but in our analysis we include self-interactions, which play an important role in axion star dynamics in situations where the smallness of the interaction coupling |λ| = m 2 /f 2 1 is compensated by a large number of condensate particles N 1 (where f is the axion decay constant). For axions with attractive self-interactions, the maximum condensate mass in the single-flavor case is decreased below the Kaup bound M P 2 /m [3, 4] by the ratio f /M P [31] [32] [33] . In this work, self-interactions will limit the parameter space for stable condensates in multi-flavor axion models. (See [29, [34] [35] [36] for previous work analyzing the effect of repulsive interactions in ULDM.)
This work is also general in two important ways. First, our analysis is general in the sense that it can be extended in a straightforward way to the case of n F > 2 axion flavors as well, a relevant consideration in the scenario of a true axiverse of hundreds of flavors. In this work we derive the results explicitly for n F = 2, leaving theories of higher multiplicity potentially for future work. Second, our results are general because they qualitatively only depend on the ratio of parameters of the two axions, namely, the mass ratio m r ≡ m 2 /m 1 and quartic coupling ratio λ r ≡ λ 2 /λ 1 , where m i and λ i are the mass and quartic coupling of the i-th axion. While we focus on the ULDM case, where the condensates have astrophysical sizes, our analysis may be useful also for more general axion theories.
Measurements of the rotational velocities inside the central regions of many galaxies have made it possible to perform fits of the density profiles inside these galaxies using two free parameters: the core density (d c ) and the core radius (R c ) [37] . The authors of [38] analyzed condensate density-radius scaling relationships predicted, assuming that the dark matter (DM) of galaxies is dominated by condensates in various single scalar field models, and found that the observed relationships are not borne out in these models. For axion stars, the mass-radius relation is fixed by the condition of gravitational stability, which uniquely determines the relationship between d c and R c , as derived by [31, 32] and used in the simulations of [12, 13] .
The fit parameters d c and R c in [38] , however, were obtained from density profile fits on entire galaxies, and hence it may not be meaningful to compare the resulting fit to the scaling relation of condensates hypothesized to comprise the core of galaxies. As a simple example, when the axion mass is above roughly m 10 −21 eV, the size of the condensate predicted by simulations [12, 13] is much smaller than the cores observed in the galaxy samples considered in [38] . Though axion condensates would not explain the observation of these cores, the observations are not in tension with the existence of condensates. Still, it calls into question the simplest version of ULDM as a solution to the cusp-core problem, perhaps motivating generalizations of this idea. It is in this spirit that this work was written.
In this paper we point out how the physically-relevant parameter space can be modified by additional scalar states compared to single-flavor theories. The galactic scaling relation discussed above is surely modified when multiple flavors are present, because the core regions of different galaxies can be dominated by a different fraction of each axion flavor. In this work, we expand on this idea and show that a wide range of behaviors are possible in theories with multiple axion flavors.
This paper is organized as follows: we introduce the standard relations for axion stars composed of a single species (Section 2.1), and generalize it to the case of two flavors (Section 2.2); we discuss the notion of a density-radius scaling relationship in the single-flavor and multi-flavor cases (Section 3);
we then analyze the extent of the physically-allowed parameter space by determining its boundary in a few tractable cases (Section 4), before finally sampling the full range of allowed parameters numerically, subject to stability criteria (Section 5); and finally, we show that modified scaling relations can be obtained analytically by considering single-flavor condensates subject to external gravity by a much smaller, spherically-symmetric inner body (Section 6). A summary and some concluding thoughts are found in Section 7.
This work focuses primarily on scaling relationships between physical parameters, particularly the density and radius of axion condensates. There is a weak dependence throughout on several O (1) numbers which depend on a choice of ansatz for the condensate wavefunction shape. For the interested reader, a brief review of the calculation of these constants can be found in Appendix A. Further, while the main text focuses on the case of particular ULDM parameter choices, we illustrate a few generalized (dimensionless) parameters in Appendix B; this allows our results to be extended to other regions of axion parameter space.
We work in natural units, where = c = 1.
2 Equations of motion for axion condensates
Single flavor of axion
We begin with the standard case of a single axion flavor, n F = 1. The simplest way to analyze stable solutions for generic scalar field models is to use the non-relativistic energy functional [31, 39] 
where ψ is the classical wavefunction, Φ g is the Newtonian gravitational potential determined by the field, and λ is some self-interaction coupling. Here, the plus (minus) sign corresponds to repulsive (attractive) self-coupling. The wavefunction is normalized as d 3 r|ψ| 2 = M/m = N , where N (M ) is the total particle number (mass) of the condensate. In this work, we analyze only extremely nonrelativstic configurations in which the binding energy is small and the assumption of particle number conservation is appropriate. For discussions of relativistic corrections, see [40] [41] [42] [43] [44] .
Given an input profile for the wavefunction, one can compute each term in Eq. (2.1) directly; the resulting energy per particle is given by
where M P = 1.2 × 10 19 GeV is the Planck mass and σ is a variational parameter proportional to the radius of the condensate. In the upper line we use the notation of [39, 45] , where
but in the lower line we define dimensionless constants
for simplicity. We also define
for future use. These constants vary slightly depending on the precise shape of the wavefunction, but do not affect the general scaling behavior; the numerical values for a Gaussian wavefunction are a = 3/4,
Minimizing the energy of Eq. (2.2) with respect to σ gives the stable minimum energy solution,
whereÑ = (M P /m |λ|)(a/ √ 3 b c) is the critical particle number for condensates with attractive selfinteractions; for N >Ñ , these condensates are unstable to collapse [39, 46] . Note that in Eq. (2.6), the ± sign corresponds to ±|λ| in Eq. (2.1). It should also be mentioned that σ d is not equal to the core radius R c of the condensate, though the two quantities are proportional; the constant of proportionality is O(1), and depends on the shape of the wavefunction ψ, as well as the exact definition of R c . For the purpose of this work, we will treat σ d and R c as equivalent, which is true up to coefficients of O(1).
For mixed flavor condensates, we will also treat the central density m |ψ(0)| 2 and the core density d c as interchangeable, as the results are unchanged given the level of accuracy at which we work. However, note that the precise definition of the core density will play an important role in Section 6, where we analyze a condensate subject to an external gravitational source.
Following [45] we introduce the dimensionless radius, ρ, and particle number, n, as
Then Eq. (2.6) in dimensionless units reduces to
are the reduced critical particle number and corresponding radius. For the remainder of this work, the subscript d will be omitted for notational simplicity, in which case σ (ρ) will represent the radius (rescaled radius) at which the energy is minimized.
Multiple axion flavors
We now consider condensates formed from n F > 1 species of axion. We will assume that each flavor of axion can interact with each other only gravitationally, and that each has an attractive self-interaction;
the i-th axion flavor will have mass m i and interaction coupling λ i , which are all independent parameters in principle. It is possible to include some point-like interaction coupling between different flavors as well; in such a scenario, the equations of motion would be modified but also there could be scattering processes whereby 2 heavier axions annihilate to produce 2 lighter ones. This is an interesting scenario, worthy of further exploration; in this work, we neglect this possibility for simplicity.
We approximate each axion component as spherically symmetric with similar wavefunction shapes, implying that they differ only in radius and normalization. As in [39, 45] , we parameterize the profiles by
where we have defined a dimensionless function F (ξ) determined by the wavefunction shape with F (0) = 1. The normalization of the wavefunction determines the number of axions of each flavor
which in turn determines the total condensate mass
The gravitational potential is similarly just the sum of contributions from each condensate,
The energy functional for such a multi-axion condensate is found by generalizing Eq. (2.1) as
where we used the minus sign and set λ i > 0 in the self-interaction term, so that the self-interactions are all attractive.
Let us consider now the simplest nontrivial case of n F = 2 axion flavors. It is straightforward to directly compute each term in the energy functional of Eq. (2.14):
where we define the ratios m r ≡ m 2 /m 1 and λ r ≡ λ 2 /λ 1 . Without loss of generality, we will set m r ≥ 1.
Variation of the energy functional in Eq. (2.17) with respect to the two variational parameters ρ 1 and ρ 2 leads to a set of equations of motion (EOM) for the condensate, of the form
In contrast to the single-flavor case, where the radius ρ can be determined algebraically, in this case solutions for ρ 1 and ρ 2 form a two-dimensional space, whose extent will depend on n 1 , n 2 , and the ratios of particle physics inputs m r and λ r . Note also that the generalization of Eqs. (2.18-2.19 ) to more than two flavors is straightforward.
In the numerical results of later sections, we will use a Gaussian profile for F (r/σ i ) (see Appendix 3 Density-radius scaling relationship
Single flavor of axion
The authors of [38] pointed out that the core density and core radius in a large observational sample of galaxies [37] can be fit to a power law of the form
with β ∼ 1. Using Eq. (2.8) we can derive the predicted scaling relationship, if these cores consist of massive axion stars; in that case we have in the strong gravity regime, and β = 2p/(p − 1) for a general polytrope of index p. None of these cases appear to reproduce β 1.
In this discussion, we have assumed something about the nature of the galaxy core, namely (1) that it is DM dominated (any baryonic effect is neglected), and (2) the DM in the core is a single condensate of minimum energy. Each of these assumptions could be relaxed: the core may consist of some admixture of DM and baryons, or may be instead a condensate composed of multiple species. In the former case, the condensate may be affected by the gravitational potential of the baryons, or (as is the case for m 10 −21 eV) there may be a small condensate contained inside of a larger core whose size is determined by some other dynamical process. In the latter case, we show below that with the addition of multiple axionic species, a wide range of possible galactic core density-radius scaling relations are possible.
Two Flavors of Axion
To determine the scaling relationship for the case of two flavors, we define the core density and core radius by
where C 2 and A 2 are given in Eq. (2.3) and (2.5), respectively. In what follows, we will use Eq. (3.3) to determine the range of allowed scaling exponents β in the two-flavor case using both simple analytical models as well as numerical results. This has implications in the context of diversity in rotation curves across the wide range of observed galaxies [48] .
It will be instructive to consider a simple toy model. We simplify the previous discussion by neglecting the interaction between the two axions through gravity. In that case each condensate is independent of the other, and one may use the standard scaling relations n i ∝ ρ −1 i for i ∈ {1, 2}, as shown in Eq. (2.8).
Then Eq. (3.3) simplifies to
Interestingly, the contribution of each condensate is equal in determining d c and R c at two particular values of the rescaled radii:
Given our definition that m r ≥ 1, this defines three distinct regions in the range of allowed ratios ρ 2 /ρ 1 :
In a rough approximation, we omit subdominant terms in Eq. (3.4), and find the following behaviors in the three regions:
Now the scaling exponent β = 4 in regions I and III, reproducing the single-flavor result. However, if m r 1, then in region II d c is independent of R c , implying that the β → 0. This can be understood by the fact that, in this approximation, the two condensates are completely independent of one another.
As a result, it is possible for one condensate to dominate the core density (determined at small radial distances r), and the other to dominate the total radius (determined at large r).
Of course, in reality, the gravitational interaction between flavors will affect the boundaries between the regions. Near the boundaries, the simple scaling relations do not hold, and so we expect that the average scaling parameter lies somewhere between 0 β 4. Further proof of that fact is given below when we discuss analytic and numerical estimates of the scaling parameter.
This very simple example also illustrates that the mass ratio m r is potentially more important in determining the scaling behavior than the coupling ratio λ r , as the latter appears with a small exponent. This is consistent with the standard claim that self-interactions become important only near the boundary of stability (the maximum stable mass discussed in Section 2.1). In Section 5, in the context of our numerical results, we will more generally describe the extent to which a density-radius scaling relation is a meaningful notion in a multi-flavor theory.
Boundaries of the physical region
It is necessary to emphasize the generic problem with predictions based on a theory containing more than one boson flavor. Consider the scaling exponent described in the previous section. For single-axion theories, this exponent for a condensate core can be unambiguously determined; this owes to the fact that ρ and n, appearing in Eq. (3.2), have a one-to-one relationship determined by the EOM, so the expressions for d c and R c can both be expressed by a single variable, say n. Then one can eliminate the variable n and express d c directly in terms of R c , and one arrives at the scaling relation. In the case of two bosons, we can use the EOM of Eqs. (2.18-2.19) to eliminate two variables, say n 1 and n 2 . However, the relationship between ρ 1 and ρ 2 remains indeterminate.
To analyze the behavior of two-flavor condensates, we need to determine the physically admissible region B in the space of points (ρ 1 , ρ 2 ), which reduces to the problem of finding a corresponding boundary function B(ρ 1 , ρ 2 ) = 0. Now, in general the boundary function B(ρ 1 , ρ 2 ) cannot be determined analytically. Therefore, we will follow two alternative routes: first, we find the boundary function B(ρ 1 , ρ 2 )
for simple limits of m r (this section); then, in the full theory, we generate a large ensemble of random points in the first quadrant of the (ρ 1 , ρ 2 ) plane and impose physical requirements on each point, thereby defining the allowed region B (Section 5).
At each input point of ρ 1 , ρ 2 > 0, we impose the following requirements:
1. n 1 > 0 and n 2 > 0 as determined by Eqs. (2.18-2.19);
The first requirement is straightforward, as a randomly-selected pair ρ 1 , ρ 2 > 0 will not necessarily satisfy the physical condition that n 1 , n 2 > 0 in the EOM. The second and third are requirements on the matrix of second derivatives of the energy functional; the positivity of the trace and determinant ensure the stability of a configuration under small perturbations along ρ 1 and ρ 2 . We keep points only if they satisfy all of the above requirements; they define the physical region B and the corresponding boundary
Before moving to detailed calculations, in this section we analyze a number of simple limits in which the boundary function B(ρ 1 , ρ 2 ) can be determined analytically.
Boundary region for
The simplest limit to analyze is m r = 1, λ r = 1, which is a two-flavor theory with identical masses and couplings (we assume the existence of some additional quantum number that distinguishes the two species). To find the boundary function B(ρ 1 , ρ 2 ) in this case, consider the further simplifying assumption ρ 1 = ρ 2 = ρ. We obtain the following expressions, required to analyze the requirements above:
where we have used the definitions of Eq. (2.9). The quantites TR and DET are both positive only if
Consider now a small difference in radii δρ = ρ 1 − ρ = ρ − ρ 2 1. Two boundaries of B are determined by the zeros of the product n 1 n 2 which violate the requirement that n 1 , n 2 > 0. In this case, we can identify B(ρ 1 , ρ 2 ) = n 1 n 2 boundary = 0. Expanding n 1 n 2 to O(δρ 2 ), we obtain
Then it follows that B is bounded by the lines
At the threshold of stability ρ =ρ, we find δρ = 0.18ρ; however, the range of δρ decreases rapidly at larger values of ρ >ρ, implying that the physical domain for ρ 1 and ρ 2 rapidly shrinks to a very narrow strip around ρ 1 = ρ 2 .
Boundary region for m r 1
A second simplifying limit is m r → ∞, as Eqs. (2.18-2.19) simplify considerably, so much so that they can be directly solved for ρ 1 and ρ 2 . We obtain on the stable branches
(4.5)
For ρ 2 , one reproduces the single-condensate case, given in Eq. (2.8). On the other hand, ρ 1 interpolates roughly between its single condensate result ρ 1 a/(b n 1 ) (when n 2 n 1 ñ) and what might be called the "gravitational atom" limit ρ 1 ∼ a √ λ r /(b n 2 ) (when n 1 n 2 ñ); the latter occurs roughly when condensate 2 is supported by the gravitational potential of condensate 1.
We can use Eq. (4.5) to eliminate n 2 in the expression for ρ 1 in Eq. (4.4):
As a function of n 1 , ρ 1 is maximized at n 1 → 0 and minimized when the expression under the above square root vanishes; the latter gives a value for n 1 of
(4.7)
The values n 1 = 0 and n 1 from Eq. (4.7) define the following limits on ρ 1 as functions of ρ 2 :
In the next section, we will confirm numerically by explicit sampling of physical parameters that for large m r , these boundaries approximately agree with the physically admissible region B.
Next, we analyze the relationship between the central density and the core radius. In the large m r 1 limit, the scaling relations of Eq. (3.3) simplify; solving Eqs. (4.4) and (4.5) for n 1 and n 2 and substituting into Eq. 3.3 we obtain,
where we computed R c to leading order in 1/m r . This is consistent with the rest of derivation above, because the input equations of motion (2.18-2.19) contain terms of O(1/m 6 r ), which are much more suppressed in the m r 1 limit. However, in the true m r → ∞ limit, the scaling exponent β → 0, since d c depends only on ρ 2 whereas R c depends only on ρ 1 .
We can obtain a range of scaling exponents in the large, but finite, limit of m r 1. Since in Eq. (4.9)
d c depends only on ρ 2 , it is convenient to look at the dependence of R c as a function of ρ 2 . We obtain two limiting expressions for R c by replacing ρ 1 by its values at the lower and upper bounds in Eq. (4.8).
At the upper bound of ρ 1 ,
and we obtain exactly the same scaling relation as in the single flavor case, with scaling exponent β 4. 3
However, at the lower bound of ρ 1 we obtain a complicated expression, which has a form R lower ∝ρ + ∆ρ(ρ 2 ), (4.11) where ∆ρ vanishes at ρ 2 = 0 and approachesρ at large ρ 2 (independently of m r ). Thus to a good approximation, the small-ρ 1 boundary of B is independent of ρ 2 . This implies the independence of d c from R c , or in other words a scaling exponent of β → 0. Thus, depending on the allowed (or observed) values of ρ 1 , the scaling exponent can be anywhere in the range 0 β 4. Now we must stress again that without further information concerning the distribution of ρ 1 and ρ 2 , one cannot have unambiguous information about the scaling exponent β. In the next section, we will follow the strategy of estimating the average scaling exponent for different input choices, assuming B is populated indiscriminately over the range of physically allowed parameters. Depending on the value of m r (and to a lesser degree, λ r ), the extent of the physical parameter space can be very wide along d c and R c ; this implies that in the two-flavor case, these two quantities are weakly correlated, at best.
Results from sampling of the physical region
As explained previously, the relationship between d c and R c for two axion flavors depends on the two radial parameters (ρ 1 , ρ 2 ), and so points representing individual galaxies do not form a line but rather a two dimensional set. Taking an agnostic view, we weight points inside B equally and analyze the resulting parameter space. This approach has the added benefit of being more readily generalizable to other (sub-galactic scale) physical systems.
Of course, the assumption that galaxies can be sampled randomly from the physical region of B is not in general valid. The actual distribution of ρ 1 and ρ 2 inside B will depend on many factors, including the mass and radius distribution of axion condensates at the time of their formation, as well as complex galactic dynamics. The situation is further complicated by limitations in experimental observations of galaxies, which can surely introduce bias in the sample. In light of this lack of information, we will use a homogeneous distribution of the radial parameters ρ i in B. This work can thus be thought of as a proof of concept determination of the range of physically admissible two-flavor condensates, rather than a prediction of any particular set of model parameters. Because we focus on galactic-scale condensates, in many of the figures below we have included a rectangle which roughly corresponds to the density and radius scales of galaxies currently observed; this may help to guide the eye of the reader to the most physically-relevant region of parameter space.
In addition to assumptions about sampling, the physical region will depend on three important inputs:
(1) the value of m r , which we will see determines the "width" of the physical region in the plane of ρ 1 and Our sampling procedure is as follows: as a first step we generate random pairs, ρ 1 > 0 and ρ 2 > 0 on a grid of 3 × 10 4 points in the (ρ 1 , ρ 2 ) plane defined by ρ 1 , ρ 2 ∈ ρ min , ρ max ; we set the limit 3 Strictly speaking, the upper bound of ρ 1 is obtained at n 1 → 0, but at this point the second term in Eq. (4.9) diverges.
It is sufficient to approach this this value of ρ 1 until the second term dominates over the first, and the scaling exponent β → 4. This is also easily obtained directly from Eq. (3.3) when n 1 → 0. ρ max 10 5 − 10 6 , an arbitrary value which is large enough to extend into the physically relevant range, and ρ min 0.005, a value small enough to reach the boundary of stability at low ρ 1 , ρ 2 . We then test each point against the physical requirements described in Section 4: n 1 > 0, n 2 > 0 (as obtained from
Eqs. (2.18-2.19)), TR > 0 and DET > 0, discarding as unphysical any points that do not satisfy all four constraints. In practice, the resulting range of rescaled particle numbers spans more than 7 orders of magnitude, where the upper limit for both n 1 and n 2 is roughlyñ O(10). Finally, we determine both In this section, we report the physical results using two sets of benchmark inputs: we focus mostly on m 1 = 10 −22 eV and λ 1 = 10 −94 (Benchmark 1); but also give results for m 1 = 10 −19 eV and 
Core radii
First, we analyze the range of allowed condensate radii R 1 and R 2 consistent with the above conditions;
the results are illustrated in Fig. 1 The color of the points in Fig. 1 represent the range of allowed rescaled particle number ratios, n 2 /n 1 .
The black, yellow, blue, pink, and green points each span two orders of magnitude and are centered around n 2 /n 1 = 10 4 , 10 2 , 1, 10 −2 , 10 −4 (respectively); the colors also appear in this order roughly from the left side to the right side of the plot, though note that not every range is accessible for particular choices of parameters. Very asymmetric two-component condensates appear to be especially difficult to stabilize, as illustrated by the lack (or complete absence) of black and green points across the parameter space we consider.
In a full theory with two flavors of axion DM, it is plausible that the mass fraction
will, in a typical galaxy, track roughly the ratio of relic densities of the two axion flavors, Ω 2 /Ω 1 ; the latter could be computed from the full theory in the early universe. We observe then that given a choice of m r and λ r , some mass fractions will produce few, or no, stable two-component condensates. An example of this is the top-right panel of Fig. 1 , where for m r = 10 and λ r = 100, there are almost no stable condensates in the range n 2 /n 1 < 0.1, corresponding to M 2 /M 1 < 0.01 (observe the lack of pink points and absence of green ones). This implies M 2 0.01 M 1 in the vast majority of the stable parameter space for this choice of parameters.
Core density profile shape
Throughout this work, we have assumed Gaussian shapes for the wavefunctions of both condensates.
This choice affects only the O(1) numbers described in Section 2, like a, b, c, etc. (see Appendix A). Given this selection for the shapes, then a choice of ρ 1 and ρ 2 in the numerical sample will uniquely determine n 1 and n 2 , and thus fixes the wavefunctions ψ 1 (r) and ψ 2 (r) defined by Eq. (2.10).
In Fig. 2 , we illustrate the resulting densities d 1 (r) = m 1 |ψ 1 | 2 (blue dashed line) and d 2 (r) = m 2 |ψ 2 | 2 (red dashed), as well as the sum d 1 (r) + d 2 (r) (black thick), at two stable points: one at relatively small ρ 1 and ρ 2 (left panel) and one at larger ρ 1 and ρ 2 (right panel). All curves are normalized to the central value d c = d 1 (0) + d 2 (0) for ease of comparison. As described in Section 3.2, we see in the figure the typical result that one component of the condensate (in this case, condensate 2) may dominate the core density, whereas the other (condensate 1) may dictate the total radius. Although the two condensates are not independent, this approximate decoupling of density from radius explains the wide scatter of points in the plane of d c from R c that we will describe in the next section.
Core density vs. core radius
Now we turn to the observable parameters, the core density d c and radius R c , illustrated in The general effect of the parameter choices m r and λ r are clearly visible in Fig. 3 . The coupling ratio λ r affects only the boundary of stability, where larger λ r implies a higher value of λ 2 and a higher likelihood that condensate 2 becomes unstable for larger particle numbers; therefore, at large λ r there are fewer points at the top-left of the parameter space in the d c − R c plane. See, for example, in Fig. 3 that as λ r increases (moving from the left to right panels) there are fewer high mass/small radius points. arbitrarily far to the bottom-right (small d c , large R c ). In both directions, galaxies are either not expected to form or, if they do, they would be extremely difficult to detect. For this reason we highlight the subset of points that lie in the range where galaxies are known to exist, given in the figure by the red points bounded by the gray rectangular box. We define this range by examining fits to various galaxy samples, for example SPARC [49] , MASSIVE [50] , as well as that of [37] , on which the work of [38] This range is only approximate, highlighted mostly to guide the reader's attention to the most physically significant range, however imprecise the boundary may be. It is possible that new galaxies with very large or very small densities or radii will be discovered and the relevant range will grow.
Because galaxies are only known to exist roughly within the rectangle bounding the red points, we fit separately the red points to examine the scaling relationship d c ∝ R −β c ; the fit line for the exponent β is much more shallow, closer to β 0 − 2, due to the narrow range of galaxy core densities observed.
If galaxies with larger d c are observed, then the relationship will become steeper (β increases). The fact that the individual points are limited between lines with slopes β = 0 and β = 4 agrees with the results of the simple model discussed in Section 3.2. We also note that condensates composed of two flavors with a constant ratio n 2 /n 1 will fall parallel to the blue lines in Figs. 3 and 4 . In this case, if we assume that galaxies have similar formation histories and relative abundances of two axion flavors, the scaling exponent of observed galaxies will be β ∼ 4. Conversely, a collection of galaxies composed of differing abundances of two axion flavors will potentially have a scaling exponent β = 4. Due to the finite number of points sampled, for a given set of input parameters the average scaling exponent is determined only up to roughly ∆β ∼ 0.1; that is to say, upon sampling the same physical space multiple times, one will generically find different best-fit values of β, whose scatter is roughly a the level of 0.1, due to limitations of sample size.
The ULDM model defined by Benchmark 1 has come under increasing scrutiny; for models with m 10 −21 eV particles making up 100% of DM, there now exist strong constraints from Lyman-α [19, 20] as well as kinematic data in large galaxy samples [23, 24] . In a two-flavor theory, the lighter particle m 1 would make up less than 100% of DM, weakening existing constraints; nonetheless, it is interesting to consider alternative parameter choices where neither flavor obtains m 10 −21 eV. In Fig.   4 , we illustrate the resulting stable plane of d c and R c for a second benchmark, m 1 = 10 −19 eV and λ 1 = 10 −88 . The two-flavor condensates tend to be denser than for Benchmark 1, but it is interesting that the physical region (red points) remains extremely relevant, even for such 'heavy' ULDM particles. This The color and nature of the points and lines are the same as in Fig. 3 .
may suggest two-component condensates with 'large' ULDM masses m 1 ∼ 10 −19 eV and m 2 10 −18 eV as a model for galactic cores. This topic deserves a more dedicated analysis. 4 We emphasize that our analysis should not be interpreted as a prediction of any particular scaling exponent in a multi-flavor theory of axion condensates. The true scaling exponent observed will depend on the sampling assumptions and experimental sensitivities discussed throughout this work. It is also possible that different collections of galaxies, which may have relatively different formation histories, would display differing scaling exponents; this is, in fact, true of the data set [37] used by [38] , which had values β at several different values of O(1). We have shown, however, that in a simple two-flavor model, the scaling exponent can take nearly any value in 0 ≤ β ≤ 4.
Condensate subject to an external gravity source
In the previous section, we have shown how the scaling exponent for condensates in a two-axion theory is significantly modified compared to the one-flavor case. We now show that modified scaling relations can also be obtained analytically for a singly flavored condensate, if it forms in the presence of a background gravitational source. This background source might, in the context of this work, be thought of as the baryonic component or supermassive black hole of a large galaxy, where the ULDM forms only a fraction of the mass of the core; for heavier axions 10 −18 eV m 10 −8 eV, a large background potential from the sun or a planet gives rise to a so-called axion solar halo or earth halo, as in the model described in [52] . This analysis will be similar to that of [53] , who considered a condensate surrounding a central black hole.
Consider a single-flavor axion condensate composed of some species of bosons subject to attractive λ φ 4 self-interactions and self-gravity, exactly as described in Section 2.1. However, suppose at the center of this condensate there is a smaller, spherically-symmetric body with total mass M * and radius R * .
Assuming the two systems interact only through gravity, the total energy of the condensate is given by Eq. (2.1) (where we take the negative sign for the self-interaction term corresponding to attractive self-interactions) with the additional term,
where the external gravitational potential due to the inner body with a constant density is
We scale the physical input parameters in analogy to Eq. (2.7), using
Assuming the external gravitational source has a small radius, we can expand in ρ * /ρ 1 and obtain the total energy per particle, which is of the form,
where the constants a ( ) , b ( ) , and c ( ) depend on the shape of the wavefunction (see Appendix A). Note that we have kept terms in the expansion which modify the standard energy functional up to O(1/ρ 3 ), though the a and c terms are suppressed by powers of the small quantity ρ * /ρ. The variational parameter ρ for which the energy per particle is minimized is given by ρ = a + a n * ρ * + (a + a n * ρ * ) 2 + 3 (b n + b n * ) (−c n + c n * ρ 2 * ) b n + b n * = a + a n * ρ * b n + b n * 1 + 1 − 3 (b n + b n * ) (c n − c n * ρ 2 * ) (a + a n * ρ * ) 2 .
(6.5)
Of course, we also recover Eq. (2.8) if we set a = b = c = 0. From Eq. (6.5), one can see that the critical particle numberñ beyond which no stable minimum energy solutions exist is given bỹ
Just as in Section 5, we find that the resulting scaling relation between d c and R c depends on the choice of sampling region (see the difference in scaling exponents for the blue and red regions of Figs. 3   and 4 ). However, in contrast to Section 5, the scaling relation also significantly depends on the definition of the core density. We find for a fixed n * and ρ * , the range of possible scaling exponents obtained by varying the condensate particle number n differs for two possible definitions of the core density, as explained below.
As an example to demonstrate this, we consider a large range of possible condensate sizes by varying both the density of the inner body and the number of particles of the outer condensate. One can take the core density of this system to be the analogue of Eq. (3.2) (where the core density is defined as the central density m|ψ(0)| 2 ). We note, however, that this definition of the core density is unphysical because the density at the center of a galactic core is not measured in practice. We discuss the results for this definition to highlight the fact that the resulting scaling relations differ depending on the definition of the core density. However, we emphasize that this defintion should not be used unless the core density can be defined this way without loss of generality as in Section 5. For the model of this section, the central density includes both the condensate and the contribution from the external source with a constant density,
whereas by assumption ρ ρ * dominates the core radius, giving R c ρ. At fixed n * and ρ * , we can determine ρ(n, n * , ρ * ) and d c (n, n * , ρ * ) from Eqs. (6.5) and (6.7), which then vary only with n. After rescaling parameters according to Eqs. (2.7) and (6.3), we obtain the physical sampling region. In this case, the maximum steepness obtainable for d c,cent ∼ R −β c is β = 4 which corresponds to a very low-density for the inner body of n * /ρ 3 * n/ρ 3 ; on the other hand, the minimum steepness β = 0 corresponds to high-density n * /ρ 3 * n/ρ 3 . In the latter case, the core density is independent of the condensate radius since the condensate density is negligible. If we then find the scaling exponent for each set of points corresponding to a given n * and ρ * , we obtain a range 0 ≤ β ≤ 4. However, because this definition of the core density is unphysical as described above, we choose to give a more physial definition of core density as described below.
We take the core density as the the density just outside the external source (more specifically, the density at a scaled radius ofr out = (1 + 10 −6 )ρ * ). In this case, the core density is,
For this definition, the scaling exponent actually takes a range from β ≥ 4. One can see from Eq. 6.5, that for small enough inner body masses, the core radius is independent of the inner body mass, and the resulting scaling exponent is the same as that for an single flavor condenate (i.e. β ∼ 4). However, for large enough inner body masses and small enough condensate particle number, the condensate radius becomes independent of the condensate particle number. In this case, as the condensate particle number decreases, the core density becomes smaller, yet the condensate radius remains the same resulting in a scaling exponent β > 4. Therefore, for this more physical definition of the core density, we find a range β ≥ 4.
If physical galactic cores sampled are modeled as condensates subject to gravity from a spherically symmetric inner body, then there will be a range of possible inner body and condensate densities that can describe each galactic core. For this reason, we take a sampling region that consists of a range of inner body and condensate densities subject to the constraints that the inner body radius is much greater than the Schwarzschild radius, R * ≥ 10 2 R S where R S is the Schwarzschild radius and the scaled inner body radius is much less than the scaled condensate radius, ρ * ≤ 10 −2 ρ. We then perform a fit to the entire sampling region. Fig. 5 shows the possible parameter space for a given value of the inner body radius R * and a range of inner body masses M * , while Fig. 6 shows the scaling exponents obtained for two different sampling regions. For both figures, the core density is defined by Eq. (6.8).
We show Fig. 5 Focusing now on the individual points for a given choice of sampling region (the blue dots of Fig.   6 ), we see in the left (right) panel that if the sampling region consists of many (few) points in which the inner body mass dominates, we obtain a scaling exponent β > 4 (β ∼ 4). Therefore, depending on the range of inner body densities and condensate particle numbers, the resulting scaling relation for stable configurations will fall within the range β ≥ 4. For the right panel, the smallest inner body mass results in a system that is essentially a singly flavored condensate with M * = 0. Notice that some of the larger inner body masses analyzed are unphysical for the smallest inner body radius because of the constraint R * ≥ 10 2 R S while the largest inner body radius analyzed is such that many of the points become unphysical because of the constraint ρ * ≤ 10 −2 ρ. We choose the same range of inner body radii for both panels to show how a different range of inner body masses affects the resulting scaling exponent.
In analogy to Section 5, if we focus on a subset of galactic cores which are known to exist (the red points of Fig. 6 ), we obtain less steep scaling exponents. If the range of core radii and densities for galactic cores observed widens, the scaling exponent corresponding to the red points will generally become steeper.
We have shown that, in theory, the possible scaling exponents for stable configurations of condensates subject to gravity from spherically symmetric inner body densities can fall within the range of β ≥ 0, It is interesting to compare the results of Section 5 for the mixed flavor condensates to the results shown above. We find the same behavior of a less steep scaling relation when performing a fit on the range of observed galactic cores rather than the entire sampling region (see the difference in the red and blue fit lines in Figs. 3, 4 , and 6). However, in contrast to Section 5, we find that the choice of the definition of the core density results in significantly different results. For the case of the mixed flavor condensates, we find no change in the resulting scaling exponents within our level of accuracy for two different definitions of the core density, and hence we can take the definition of the core density as the central density (Eq. (3.2)) without any loss of generality. This is because the particle numbers n 1 , n 2 and radii ρ 1 , ρ 2 of the two condensates are related in a way that a change in any one of these parameters results in a change in the other three. Conversely, for the model described in this section, the radius ρ and particle number n of the condensate changes depending on the choice of the inner body mass M * and radius R * , however, the inner body is chosen to have a constant density independent of the parameters of the condensate. In this case, the resulting density-radius scaling relations depend on if the core density is defined inside or outside of the inner body.
Conclusion
In this work, we generalized previous analyses of gravitationally-bound scalar field condensates, known as axion stars, to the case of more than one flavor interacting gravitationally. We determined in detail the conditions for stability of two-component condensates using a variational procedure to approximate the solution to the coupled equations of motion. Then, focusing on the scenario of ultralight dark matter (ULDM), we scanned a large range of input parameters which could be physically-motivated by the observation of cored density profiles in galaxies.
Though we focused on the case of ULDM, we attempted throughout to maintain as general an analysis method as possible, so that one can use these results to determine the properties of two-component axion stars in other models. The majority of our results depend only on mass and coupling ratios m r = m 2 /m 1 and λ r = λ 2 /λ 1 , and only in the final numerical results did we assume some physical scale for the input values m 1 and λ 1 . Still, for both ULDM benchmarks m 1 = 10 −22 eV and m 1 = 10 −19 eV considered, we showed that two-component condensates with mass ratios m r = 10 and m r = 100 can mimic the density and radius of galaxy cores in a large physical range. This is true as long as the attractive self-interaction couplings λ i (i = 1, 2) were sufficiently small to prevent the onset of instability.
It has been long known that single-flavor condensates have a predictable relationship between their central density d c and their core radius R c [31, 32] , which has the form d c ∝ R −β c with β = 4. Moreover,
it was recently pointed out [38] that an empirical relationship has been observed in large galaxy samples which suggests β 1, in tension with the condensate prediction. In this work, we point out that such tension only exists if the single-flavor condensate dominates the density in the core; given that this assumption can break down in several physically-relevant systems, one should consider the corresponding conclusions with great care. This type of analysis may represent a direct constraint on the parameters in other models, for example for ULDM condensates with repulsive interactions and sizes of the order of galaxies. It could also be a useful analysis for ultra compact dwarf (UCD) galaxies, whose sizes are of the order of galactic cores [54, 55] . We leave such analyses for further work.
If, as predicted in many models of ULDM, two (or more) flavors of axions exist, then the densityradius relationship is no longer predictive, as the space of stable configurations is two-dimensional and can be very wide. We also pointed out that observational constraints will further limit the relevant space on which these scaling relations are determined; the range of galaxy parameters currently observed remains narrow, relative to the full space of stable two-component condensates. Therefore it is possible that the observation of a relationship like β 1 is simultaneously affected by (a) the physics of condensate stability, (b) the formation history of galaxies, and (c) experimental limitations.
We also presented a more simple model in which the scaling exponent can be modified, namely, that of a single-flavor condensate subject to external gravity from massive inner bodies; the central body might physically be identified with a central black hole or a baryonic bulge inside of a galaxy. We showed that for this model, the range of possible scaling exponents depends both on the definition of the core density and the sampling region assumed. We analyzed two different definitions of the core density and found that for both definitions, if the inner body is very light one recovers the standard single-flavor result β ∼ 4. If the inner body is much more massive than the condensate, then it will dominate the core density, defined as the central density, and the scaling exponent β ∼ 0. However, for the more physical definition of the core density defined outside the inner body radius, the inner body mass dominates the condensate radius, and the scaling exponent β > 4. We found that for this definition, there is a range of input values for which the exponent can lie in the range β ≥ 0 depending on the choice of sampling region.
There is another interesting scenario which could modify the scaling relationship, which is the case of a single axion but a mixed condensate consisting of multiple bound states, e.g. an admixture of the ground state and excited states. Then the radius of the object will be enhanced by the increased size of the excited state wave functions, and the ratio of particles in each state would modify the scaling relation. A full discussion of this scenario is postponed to a future work.
A Evaluation of numerical constants
In this section we illustrate the computations of the numerical coefficients used in the main text. The first subsection is based primarily on previous work [39, 45] and is reproduced here for completeness; the second subsection is a new derivation for the effect of an external gravitational source on the axion star energy functional.
A.1 Axion Star(s) Only
First, note that given the notation of Eq. (2.10), we can rewrite Eqs. (2.3) and (2.5) much more compactly as
Throughout this work, we have used the Gaussian approximation for each axion wavefunction
which implies F (ξ) = exp −ξ 2 /2 . Therefore the integrals above can be evaluated directly, giving
which we used in this work. Then the coefficients of the energy functional of Section 2, defined in Eq. for the critical rescaled particle number and corresponding radius of the single-axion condensate. Note that using other (non-Gaussian) approximate wavefunctions would not change the results appreciably;
see [45] for details.
In the case of multiple axion flavors, the gravitational potential is determined as the sum of contributions from each condensate separately, which for the Gaussian ansatz is
Then, for the two-flavor model, the equations of motion ( 
A.2 Axion Star in Background Potential
In Section 6, we analyzed an axion star in the presence of a background potential, characterized by a mass M * and a radius R * . In analogy to the above, we can determine the contribution to the axion star energy functional by using a generic ansatz for the external density profile,
The normalization is fixed as
and we rescale parameters as given by Eq. (6.3)
This implies that
where we define the constant
The resulting gravitational potential is
This potential, coupled to the axion star, induces an additional term in the energy functional of the form and used the fact that σ/R * = ρ/ρ * . Importantly, B 4 depends on ρ, unlike the constant B 4 .
In the numerical calculations of Section 6, we assumed a constant-density profile for the external source; in our notation this means F * (ξ) = 1 for r ≤ R * and 0 elsewhere. In that case, C 2 = 4π/3, and the gravitational potential is given by Eq. (6.2). Using Eqs. (A.18) and (A. 19) , we can now compute the contribution to the axion star energy directly. Due to the discontinuity at r = R * , it is more straightforward to compute B 4 in two separate regions and add the results.
First, for r ≤ R * , we have ξ = r/σ ≤ R * /σ = ρ * /ρ; in this region we find 
B Model-independent results
In this section we give the generalized results of Section 5 in terms of the rescaled quantities ρ 1 and ρ 2 rather than R 1 and R 2 , the latter requiring evaluation of particular choices of parameters m 1 and λ 1 .
The results here can be evaluated for two-component condensates in models we have not considered in the main text.
First, we illustrate the rescaled radii ρ 1 and ρ 2 in Fig. 7 , for m r = 10, 100 (top and bottom rows) and
for λ r = 1/100, 1, 100 (left, center, and right columns). To translate these results to physical quantities for a given m 1 and λ 1 , one need only compute R i = M P √ λ i ρ i /m 2 i . For Benchmark 1, where m 1 = 10 −22 eV and λ 1 = 10 −94 , one recovers Fig. 1 . Physical values can be obtained by using R i = M P √ λ i ρ i /m 2 i with i = 1, 2.
To obtain model-independent results for d c and R c , we extract the dependence of these quantities on the inputs m 1 and λ 1 . To this end, we refer to Eq 
The 'barred' quantitiesd c andR c depend only on the sampled quantities ρ 1 and ρ 2 , the derived values of n 1 and n 2 , and the ratios m r and λ r (up to O(1) numbers A 2 and C 2 , resulting from the choice of profile). These dimensionless quantities are depicted in Fig. 8 , for m r = 10, 100 (top and bottom rows) and for λ r = 1/100, 1, 100 (left, center, and right columns). 
